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Quantum behavior of FRW radiation-filled universes

Mariam Bouhmadi-Lpez* Luis J. Garay, and Pedro F. Gonez-Diaz
Instituto de Matemicas y Feica Fundamental, Consejo Superior de Investigaciones @igas) C/ Serrano 121, 28006 Madrid, Spain
(Received 10 April 2002; published 11 October 2p02

We study the quantum vacuum fluctuations around closed Friedmann-Robertson-{F&lérradiation-
filled universes with a nonvanishing cosmological constant. These vacuum fluctuations are represented by a
conformally coupled massive scalar field and are treated in the lowest order of perturbation theory. In the
semiclassical approximation, the perturbations are governed by differential equations which, properly linear-
ized, become generalized Lareguations. The wave function thus obtained must satisfy appropriate regularity
conditions which ensure its finiteness for every field configuration. We apply these results to asymptotically
anti—de Sitter Euclidean wormhole spacetimes and show that there is no catastrophic particle creation in the
Euclidean region, which would lead to divergences of the wave function.
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[. INTRODUCTION but never diverges. Similar results were obtained in R&f.
for a minimally coupled scalar field and tunneling boundary

Homogeneity and isotropy of the universe on a large scaleonditions.
is a good approximation to describe the classical behavior of In this paper, we develop a method based on F&ifto
the universe. Friedmann-Robertson-WalkERW) models ~ study the quantum behavior of the wave function of a
are especially designed to implement these properties. Nevadiation-filled FRW universe with a cosmological constant
ertheless, seeds of inhomogeneity and anisotropy are needa@d radiation, which includes vacuum fluctuations repre-
in order to describe the cosmic structure. For this purposeseénted by a massive scalar field conformally coupled to grav-
studies of cosmological perturbations are necessary. Seminéy. These vacuum fluctuations will be regarded as perturba-
works in this direction were done in Rdfl] and later on in  tions to the homogeneous and isotropic solutions of the
Ref. [2] where the authors studied the stability of de SitterWWheeler-DeWitt equation. We can deduce, at least for some
space. values of the scalar field mass and a negative cosmological

The classical description of the universe breaks down fofonstant, that the perturbed wave function is not divergent in
energies of the order of or above the Planck scale. Thereforé)e classically forbidden regime. As we will see, the finite-
it is necessary to use a quantum theory of gravity and t#€ss of the wave function is due to the regularity and bound-
postulate some boundary conditions for the universe in ordefry conditions, which although restrictive still allow for finite
to describe its initial state. Despite the absence of a fullysolutions. These quantum states represent asymptotically
consistent quantum theory of gravity, many studies havé@nti—de Sitter wormholegL0,11].
been carried out that shed light on the problem of the cre- The paper is organized as follows. In Sec. II, we review
ation of the universe with different boundary conditions the classical behavior of a closed radiation-filled FRW uni-
[3—8]. These works characterize the quantum behavior of th¥erse with a cosmological constant, in both the Lorentzian
universe in the semiclassical approximation through its wavénd Euclidean regions. In Sec. lll, we derive the Wheeler-
function in both minisuperspace and superspace, where tHéewitt equation for these universes in the presence of
inhomogeneous and anisotropic modes are included pertuyacuum fluctuations of a conformally coupled massive scalar
batively in the models. field and perform the semiclassical approximation. In Sec.

In Ref.[9], it was noted that the wave function of a closed |V, we deduce the general matching conditions that relate the
FRW universe with a positive cosmological constant be-wave function defined in the different semiclassical regions.
comes infinite in the forbiddeftunneling region when the We also impose the regularity conditions. In Sec. V, we ob-
universe is filled with radiation and subject to vacuum fluc-tain the background wave function and linearize the equa-
tuations of a massive scalar field conformally coupled totions for the matter vacuum fluctuations thus obtaining gen-
gravity. In other words, the author concluded that during theeralized Lameequations. We solve these equations for
tunneling process a catastrophic particle creation takes placasymptotically anti—de Sitter wormhole spacetimes. We
He also speculated that perhaps these phenomena might b&kpw that this perturbed wave function is finite for all pos-
rather common feature of tunneling processes due to quargible values of the scale factor and scalar field configurations.
tum gravity effects. In Ref[7], it was shown that the wave Finally in Sec. VI we summarize our results and conclude.
function of a de Sitter universe in the presence of gravita-

tional perturbations increases for some boundary conditions Il LORENTZIAN AND EUCLIDEAN BEHAVIOR

OF FRW UNIVERSES

*Electronic address: mbouhmadi@imaff.cfmac.csic.es The main part of this paper will be devoted to studying
"Electronic address: garay@imaff.cfmac.csic.es the quantum behavior of a closed FRW universe filled with
*Electronic address: p.gonzalezdiaz@imaff.cfmac.csic.es radiation against perturbations due to a massive scalar field
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conformally coupled to gravity. But before that, let us briefly V(a) /
review the classical behavior of a closed FRW universe filled
with radiation[12,13. In our analysis we include a cosmo- j
logical constant\ =3\, and we represent, for simplicity, the ﬁf

radiation of our universe by a conformal scalar fildThe jy
FRW metric can be written as

ds?=a(7)%(—d7?+dQ3),

where 7 is the Lorentzian conformal time ardi)? is the
line element on the unit three-sphere. Writing the radiation
field as
- — 1 .-
A(X, 1) = \/EX( mia(z), FIG. 1. This figure shows the potenti®li(a) defined in Eq.

(2.3). The darkest and lightest curves correspond to a positive and
negative cosmological constant=3\, respectively. The param-
eterK is related to the amount of radiation present in the FRW
;("4_;(:0, (2.1 universe. On the one hand, for positixeand K smaller than the
maximum ofV(a), as in the case plotted,_ represents the maxi-
where the prime denotes derivative with respec%toThe mum radius of the collapsing radiation-filled FRW universe, while

equation for this field can be integrated to obtain a constar+ represents the minimum scale factor of the asymptotically de
of motionK. related to the energv densit IpyzR/a“' Sitter universe. On the other hand, for negativihe scale factoa,
’ 9y y ) represents the maximum radius of the collapsing universe.

the Lorentzian equation of motion f&r(;) becomes

By /2.4_”2:% other case of a collapsing closed FRW universe corresponds
X X 2G L . .

to a positive cosmological constant and a value of the param-
IJeterR, related to the amount of radiation present in the uni-

verse, smaller than the maximum of the poteniéd), i.e.,
0<K<1/4\. Under these conditions, the scale factor in
a’?+V(a)—K=0, (2.2 terms of the cosmological timelt=a(5)d», has the ex-
pression

whereG is the gravitational constant. Then the scale facto
must satisfy the equation

where
— 1 .
V(a)=a2-\a® 2.3 a(t)?=5-{1-meosti 2\ (t—t)]};

The shap_e of the potentisi(a) dep?‘_”ds on the sign of the the maximum value of the scale factordd =(1—m)/2\,

cosmological constant. For a positive cosmological con- ) — o ]

stant, it increases up to a maximum value \L/4t a corresponding ta=t:, which is the solution of the alge-

=1/J2\, and decreases after that for scale factors largebraic equationV(a)=K. For both solutions, the maximum

than 142\ (Fig. 1). For a negative cosmological constant radius of the universe increases with the amount of radiation,

the situation is rather different, as the potential is alwaygiven byK.

increasing and never negativeig. 1). The second kind of solution describes an asymptotically
We can distinguish three kinds of behavior forThe first ~ de Sitter spacetime when>0, whose scale factor is given

one describes a collapsing universe. This is the case whewy

the cosmological constant is negative abe 0, for which

— 1 = _
o a(t)2=ﬁ{\/4K)\sinr'[2\/X(t—t+)]
a(n)=apen ym(7— 7)o | 2.4 o

—cosf2 N (t—t,)]+1}
- 2 = _
whe@ne_[n_,m], a,=(1-m)/2x, m=vy1-4K\, and for K>1/4, and
Jm(7.—7_)=K({(m—1)/2m). In these expressions,
cn x,(m—1)/2m] is a Jacobian elliptic function anid((m —, 1 N
—1)/2m) is the complete Jacobian elliptic integral or a(t) —Z{lercosf[Z\/X(t—u)]}
guarter-period functiofl17,1§. Note thatz, is an arbitrary 5 o
constant that can be set equal to zero. The scale factor of thier K<1/4\, wheret e[t ,+). The difference between
universe increases from=0 at »=7_ up toa=a, for »  these two cases is that for sufficient radiation, Keis larger
=0, which is the maximum radius of this universe. Thethan the maximum of the potentisi(a), the scale factor
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grows from zero up to infinity, while in the opposite case, 1
| K | a(n)?=rsecl(n—1n,)
i.e., forK smaller than the maximum of the potentifla), N +
the scale factor grows from a minimum value different from
zero,ai=(1+ m)/2\, due to the presence of the potential
barrierV(a), to become asymptotically de Sitter.

And, finally, there is a third kind of solution which exactly
coincides with a de Sitter spacetime,

andn, —np_=o0.

While for a positive cosmological constant the Euclidean
solution for a closed FRW universe filled with radiation con-
nects two classical solutions, for a negativehe solution
behaves as an Euclidean asymptotically anti—de Sitter worm-
a(t_)zzi cosH[ \/X(t_—t_+)], ho_Ie. This can be eas_ily d(_aduced from the gnalytical continu-

A ation of Eq.(2.2 to imaginary conformal time. The scale
factor of the wormhole looks lik€10]
in the absence of radiation and for a positive

It can be checked that there are no classical solutions of 1+m

the Einstein equations corresponding to a closed FRW uni- a( 17)2=a§nc2 \/ﬁ(n— ”—)'W , (2.6

verse in the absence of radiatid6=0, with a negative cos-

mological constant. It is only foK >0 that it is possible to
g Y b wherene[7_,7,]andym(7,.— 7_)=K((1+m)/2m). In

have a Lorentzian evolution for the scale facéor ) . . ; o
Up to now, we have described the different possibleth's expression n&, (1+m)/2m] is a Jacobian elliptic func-

Lorentzian solutions for a closed homogeneous and isotropifion [17,18. The valuea, describes the radius of the worm-
universe filled with radiation and we have seen that the poh©l€ throat.
tential V(a) forbids the classical evolution for some values

of the scale factor. Theiefore two classical FRW universes IIl. THE WAVE FUNCTION OF THE UNIVERSE
filled with radiation withK<<1/4\ are disconnected and the . .
scale factor for a FRW universe with a negative cosmologi- 1N€ guantum behavior of the FRW universe can be de-
cal constant has a maximum value when the content of thgctibed by the solution to the Wheeler-DeWitt equafip4l.
universe corresponds to radiation. In the WBK approximation, the wave functions can be ap-
As is well known, the fact that two classically allowed Proximated, under certain conditions, by ingoing and outgo-
universes separated by a potential barrier are classically di#9 modes defined through the classical action in the Lorent-
connected does not mean that they cannot be connect&fn section, while in the Euclidean sector, the wave function
quantum mechanically. In the lowest approximation, thisc@n be approximated by linear combinations of increasing
connection is established by an instanton whose explicig"d decreasing modes in terms of the Euclidean action.
form can be obtained by performing an analytical continuaBoundary conditions that determine these linear combina-
tion of Eq. (2.2), for a positive\, so that the classically tions are also necessary. In this section, we will obtain the

forbidden region is now the permitted one. The solution fordéneral shape of the wave function of a closed FRW universe
the scale factor must satisfy filled with radiation and whose content corresponds to a mas-

sive scalar field conformally coupled to gravity.

a(n-)=a-, a(ni)=a.,
A. Canonical formulation
in order to connect with the two classical FRW universes. e will consider a minisuperspace described by two de-
From the analytically continued version of H@.2), we ob-  grees of freedom, the scale faceand a homogeneous and

tain the following solution for the scale factor: isotropic scalar field conformally coupled to gravid.
Around this minisuperspace, we will study the linear pertur-
bations due to an inhomogeneous and anisotropic massive

(29 gcalar fieldd conformally coupled to gravity. We will obtain

the Wheeler-DeWitt equation from a specific representation

of the Hamiltonian of the system which can be constructed

easily from the classical action of the system

1+m 2m

T(ﬂ—m),—

1+m
2__
a(n)*=—5— drf 1+m

wherene[n_,n.] with ,—»n_=—J2/(1+m)K2m/(1
+m)). In this expression dix,2m/(1+m)] is the Jacobian
elliptic delta-amplitude functiof17,18. Note thatz, is an S=S,+S+Sn,

arbitrary constant that can be set equal to zero. This instanton

was also found in Ref.12], where the authors considered a

closed FRW with a material content corresponding to a 1 1

massless scalar field conformally coupled to gravity. In the S;= RJ d*xy/—g(R—6))— %f d®xhK,
absence of radiatioom=1, the turning points of the poten-

tial V(a), i.e., the solution of/(a)=K [see Eq.2.3] be-

comesa_=0, a, =+/1/\. The instantor(2.5) then acquires :f 4, [ _1 = z_i A2
the simple form S d>v-g Z(VA) 12RA

1 -
+€f d3x/hKAZ,
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) ) The coefficientsx,={a,,b,,Cn,9n,jn Ky} can in prin-
pot gR @ ciple be eliminated by means of a diffeomorphism on the
three-sphere and choosing suitable lapse and shift functions

smzf d4x\/—_g[— %vqﬂ—%

10 5 ) [6,7]. The only terms in these expansions that cannot be
+ 5 f d*xhK®?, (3.1 gauged away correspond to pure transverse traceless tensor
perturbations that describe gravitational waves. These are
whereG is the gravitational constany is the mass of the represented by the coefficierds. The Lorentzian action up
scalar field, and is the trace of the extrinsic curvature. We t0 second order in perturbations has the form
have used the sign conventions of Misner, Thorne, and
Wheeler[15]. S=Sa,x]+ S [a,x,{n Xn dn]+ S @, fo].
We introduce new variables which correspond to an ex-
pansion in hyperspherical harmonics of the massive scalarhis can be seen from E.1), taking into account that the
field around the background solution described in the previmassive background field vanishes, ie= 0. Indeed in this
ous section as follows: case the perturbations of the massive scalar field decouple
from perturbations of the metric and the radiation up to sec-
ond order. Since we are interested in the behavior of closed
FRW universes against the quantum fluctuations of the
vacuum of the massive scalar fiede, we have chosen its
homogeneous background mode to vanish. So the explicit

@x%:airlw%+§jmm%dmum(&a

A(x,m)=—=a(n) ! expression 087, is not necessary for studying the behavior
V27 of the FRW universe under perturbations of the massive sca-
lar field. The zero order actio8”) and the second order
X[ () + > L 1)Q™MM(X) |, (3.3  action of the scalar field perturbatio§’ have the forms
nim
i ) ) 0 37
whereQ"'™ are the scalar hyperspherical harmonics, eigen- SOa,x]= f* d;{—(ata’z—)\a“)
functions of the three-dimensional Laplaci@h in the three- w146

sphere, i.e., they satisfy the eigenvalue equaWiéQ"'™= .

—n(n+2)Q"™ withn=0,1,2 ... . Themoden=0 corre- + —(}’2—}2)},

sponds to the homogeneous and isotropic perturbation, while 2

higher values oh correspond to inhomogeneous and aniso-

tropic modes. We have considered the background solution 0 1., 1 —

of the massive scalar fiel##, equal to zero, i.eq=0. From Sﬁ)[a’f“]:; L d%ifnz_ 5 Un( ”)fﬁ)’

now on and for the sake of simplicity, we will drop the B (3.4)

indicesIm and keep only the eigenvalue indexn all the

expressions. where
The spacetime metric must also be expanded around the

homogeneous and isotropic background solution. If we write

N 2 247 N\2
the Lorentzian metric in the 81 form Un(7)=(n+1)"+ u%a(n)"

dsz=a2(—N2+N‘Ni)dn2+2aNid77dx‘+gijdxidxj, Finally, the Hamiltonian of the system can be written as
this expansion can be written as H=HO[a,x]+HP[a, f,],
G 3 3
N=1+2 g.Q", (0) Y S SR
—~ In H™[a, x] 37_rPa 4Ga +4G)\a
. ph n + E pg+~2
Ni=20 (jnP{+ knS), 5 (PL+XY),
— a2
=a%(Q + e, 1 1
Gij ij " Cij Hﬁnz)[a.fn]=; Eszn—l— EUn( n)fﬁ. (3.5

€ = a,.Q'+b.,Pl+c,S'+d,G"), . o . . .
N ;( nQij +BnPij F CaS; + dnGyj) This Hamiltonian describes the classical constraint of our

systemH=0 and is related with the invariance of the
();; being the metric in the unit three-sphere & P", S", Lorentzian action under time reparametrizations. This con-
andG" the standard hyperspherical harmonics on the threestraint will be our starting point for studying the quantum
spherg1,6]. behavior of closed FRW universes filled with radiation.
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The constraintH=0 in the context of quantum gravity clearly the kind of function in each regime; they will depend
becomes a constraint on the wave function of the universen the inclusion of the Lorentzian or the Euclidean tirSg.
leading to the Wheeler-DeWitt equation, which can be writ-andR, are related to the unperturbed part of the wave func-
ten as tion of the universe whileS, and R,, are related to the

vacuum fluctuations of the massive scalar field and corre-

G 3m 1 ~ ds to the perturbative part of the wave function of the
2 2 P o oA T2 T2 sponds 1o p p
37-;‘9a+ 4G (a”—ra)+ 2 (ax X°) universe. Using the WBK approximation, we obtain
13 g - ds)\2 92
+5 2 {0f ~Un(@ff} ¥(a,fn 1) =0, da| =2 Vo@. (3.10
(3.6 ds, dS, 3w
8% 9T o
where da da_ 2 S,=—3mV,, (3.11
Un(a)=(n+1)*+ u?a®. where we have performed an asymptotic expansiorGon

and likewise forRy andR,,. Like the usual WBK approxi-

The functional dependence of the wave function on the ra=" . ; ) .
ation, this one is valid as long as

diation field can be obtained by separation of variables. Thé"
part of the wave function¥(a,f,,) which depends on the

other degrees of freedom present in our moadegnd f ., GdVo(a)‘<|V0(a)|3,2. (3.12
must satisfy da
G , 37 = 5 ) From now on, we will consider that the amount of radiation
—3-%% g Vo@)+ nZl 591, Va(@f,] | P (a,fn) present on the closed FRW universes in the case of a positive
B cosmological constant is such that this kind of model has
=0, (3.7 two classically disconnected solutions, i.es K< 1/4\, al-

lowing for quantum tunneling between the two universes. As
can be seen from the validity of the WBK approximation Eq.

1 (3.12, this condition breaks down near the poiatsanda
Vo(a)=5[(n+ 12+ u2a?], n=1,2,..., in the case ok >0. These points correspond, respectively, to

the maximum radius of the collapsing universe and the mini-

mum radius of the asymptotically de Sitter universe. Simi-
larly, the WBK method is not valid near the poiaj which
gorresponds to the maximum radius of the collapsing uni-
verse in the case of a negative Therefore we have to
nalyze the behavior of the wave function near these turning
points using other methods, as explained below.

where the potentialg,,(a) andVy(a) are defined as follows:

Vo(a)=a?—ra*—K. (3.9

HereK is a separation constant, related to the energy of th

modey, and quantifies the amount of radiation present in th
universe as we have seen in Sec. Il.

B. Semiclassical approximation ) )
. . o ] C. Turning points
We will treat the quantum behavior of the radiation-filled

FRW universe in the semiclassical approximatipnsg], Starting from the expansion of the potentiadg(a) and
where the physical lengths involved in our problem areVn(2) around each tuming poing_, a,, anda,, the
larger than the Planck length. In this approximation, the Wheeler-DeWitt equatiol3.7) acquires the form
2?Iutions to Eq(3.7) will be written as linear combinations G 2+3W dVo(a)

3772726 da

a:a-(a_ai)

1 1o ,
Vi(af)=exp - 5S@ -5 X Si@)f 1, ,
n=1 571, = Va(a)f;

+ oo
1 +2
n=1

’\p(a,fn)=o, (3.13

1 -
‘I’z(a.fn)=exr{— gRo@—3 nzl Ra(a)f3], wherea;=a. ,a,. This linear approximation holds if and
3.9 only if
whereW¥,; and ¥, will be decreasing and increasing func- d?Vy(a) dVy(a)
tions in the classically forbidden regime or ingoing and out- (a—ay) 2 <2 (3.19
going waves in the classically allowed regirfd. We will a a=a, a=g

deal first with the regions of validity of the semiclassical
approximation in terms of the amount of radiation present in The wave functions of the closed FRW universes can be
the universe, and in a later stage of our study, we will specifyexpressed as linear combinationsdof(a,f,) and¥,(a,f,)
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defined in Eq.(3.9), whereSy, Ry, S,, andR, satisfy the  which is the case when the maximum value of the radius of
differential equation$3.10, (3.11), if the value of the scale the collapsing closed FRW universa,,, is large enough
factora is such that the conditiofB8.12 holds, while in the  (equivalently, the parameten is large.
linear regime the behavior of the wave functions of these
universes will be a solution of E(I313') As we will see IV. MATCHING CONDITIONS
there are values of the radius of the universe where both
conditions Egs(3.12), (3.14 hold and it is possible to con- Using the fact that there are values of the scale faaiar
nect the wave function on the WBK regimes through thewhich the linear and WBK approximations hold, we will
linear regime. connect the wave function on the different WBK regimes

Let us begin by analyzing the case of a positive cosmothrough the linear ones around the turning poats, a. ,
logical constant, in which the conditions for the linear ap-anda,.
proximation are

A. Positive cosmological constant

For the case of a positive cosmological constant there are

la—a,|<s—F%=a,, three WBK regimes, one corresponding to values of the scale
2+3m factor such thaa<a_ where the wave functio’, can be
written as
2m
|a—a_|<‘T3m a_, (315)

W.<a,fn>=0exr{ - é%(a)—% > Sy@f?
n=1

respectively, aroun@é, anda_, while near these turning

i it 1 1
points the WBK condition$3.12) read +D exr{ B GRIO(a)_E 2 RL(a)fﬁ
n=1

G?¥(2a,m) 3<|a—a, (4.1)

’

a second one, which is classically forbidden,<a<a, ,
G?3(2a_m) 3<|a—a_|, (3.1  and for which the wave functioW’, can be expressed as
follows

where the first one correspondsaq and the second one to
a_. So it is a sufficient condition that

*P..(a,f,o:Aexr{ - éS'c!(a)—% 2, S@ff
n=1

4m*(1+m)? 1 1=
GMN)2<|————, T Rliay_ = W ve2|.
(G\) (21 3m)? +Bexg — gRo(a)— 5 nzl Rl(a)f2|;
(4.2
4m*(1—m)? . . . . .
(GNP <|——, (3.17  and finally a third one, in which the scale factis larger
(—2+3m)3 thana, . In this regime the wave function is

to conclude the existence of valuesaoduch that there exists e

1
an overlapping between the WBK and the linear approxima- ¥, (a,f,)=E exp{ - 68{)”(a)—§ > Si(a)f?
tions. This overlapping depends only on the amount of radia- n=1

tion present in the FRW universes when it can be described 1 1
semiclassicallh <G 1. +F exp{ — —Ri)”(a)— — Z Rg'(a)fﬁ )

In the case of a negative cosmological constaat0, we G 2 n=1
have to deal with a unique turning poiaf,. Using similar (4.3

methods as for the case>0, we obtain that a sufficient
condition for the existence of a value @such that the linear

and WBK approximations hold is: In all these expressions, the functions with the subscript 0

represent the background part of the wave function and sat-
isfy the differential equatiori3.10, while the functions with
Am(m—1)2 suffix_ n n=1, cor_respond to the perturbat?ons of the wave
(GN)2g —————, (3.1 function of the universe and they are solutions of the differ-
(3m—2)3 ential equation stated in expressi@1l). Outside the po-
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tential barrierV(a), the functionsS, and Sy are related to  Let us make some remarks about the behavior of the vari-
Il correspond ablesz;. These variables are related to the different indices

the outgoing modes and the functioR§ andR{) . ;
to the ingoing modes. On the other hand, under the potentidlt Of the Hermite polynomials through the constaig

barrier S and Ry represent growing and decreasing back-[E. (4.5]. Consequently, the functions A( and Bi(z)
ground terms, respectively, of the wave functibn . cannot be factore_d out from the sums over the dlffergnt in-
To connect the wave function of the FRW universe Eqsdicesm; which define the wave functiong; near the turning
(4.1), (4.2, (4.3 through the linear regimes arouad and  Points. However, since we are \_Norl_<|ng in thg semlcla_lssmal
a, we will consider that we have a unique mofieof the framework the second term, which is propoonnal&;g, in
massive scalar field. The general case can be easily de-the definition ofz; is much smaller than the first one, as the
duced from this one. Near the turning points, the wave funcfirst one is proportional ta~ %3 while the second one is
tion of the closed FRW universe filled with radiation and aproportional toGY3, So the variableg; in this regime effec-
positive cosmological constant in addition to the vacuumtively do not depend on the indiceg and the Airy functions
fluctuation of a massive conformally coupled scalar field, carcan be factored out from the sum given in E4.4). Consid-

be expressed as ering our last statement, we will connect the wave function
in the linear regime with that of the WBK regime for values
+o of z; such that the Airy functions can be approximated by
Vi(a,f)= 2 [ymAi(z)+6,Bi(z)] their asymptotic behaviorsz(— *+«).*
m; =0 ' ' Near the turning pointa_, the variablez; is positive
XeXFi—Yﬁi/Z)Hmi(Yni), (4.4) under the barrier and reaches values large enough to use the

asymptotic behavior of the Airy functions. Once 2jj and

Bi(z;) have been substituted by their asymptotic behavior in

expression4.4) for i=1, by comparing the resulting expres-

sion for the wave function of the univerde,(a,f,) near the
377 23 turning points a_ for a>a_ with the wave function

zi=(—1)i+1(—) [(—1)*19,Ve(as)]¥? v, (a,f,) in Eq. (_4.6), and imposing the co_ntinuity of the
2G FRW wave function, we see that the growing termm,

where

13 related toSB' overlaps with the Bi¢;) terms in the expression

E) [(—1)*19,Vo(as)] 23 s of ¥,, while the decreasing term i, related toR}) over-
laps with the Aig,) terms in the expression &f ;. We also
obtain the following equations:

X(a—az)+2

’Bni:_(zmi+l)\/\/r1Tt)/Z, m; e N,

2

< Yn, _ 1 2
Yo =[2Vp(as) 1Y, 45 oo TmOR T3 [Hmy(yn)=Bexg — SRa(@ )T,
i 4.7
In these expressions the inderay takes the values 1 or 2 e yﬁl o1
which correspond to the wave function in the linear regimes 9 Om, X 5 Hm, (Yn)=Aexg — Es'n'(a)fﬁ}.
arounda_ and a, , respectively, the potentid¥fy(a) was my =0 - 4.9

defined in Eq(3.9), Ym, and om, are constants, the functions

Ai(x) and Bi(x) are the Airy functions, anéti, (x) are the  Using the orthogonality relations of the Hermite polynomials
Hermite polynomialg17]. [17] and the following formuld 18]:
Let us now begin connecting the WBK wave function

under the barriel(a,f,) arounda_ with the linear re- +oo (2m)!
gime, using the fact that there are values of the scale factor ﬁx exp( —X2)Ham(Xy)dx=\/m pm (y>=1™
such that both approximations, the WBK and the linear one, (4.9
hold, as was explained in Sec. Il C. For these values of the
scale factor, the wave functio(a,f,), using Egs(3.10),
(4.2), can be expressed near as we have
_ KN revr Y 312 7o use the asymptotic behavior of the Airy functions in the ex-
Pu(@fn) Aex;{G daVo(a-)(a-a-) } pression(4.4), it i); n%cessary to check that vb/ith the conditiia

— +oo the linear and the WBK approximation overlap for some
+Bexd — —/a.Va(a_) values of the scale factarnear the turning points. Indeed this is the
F{ ChE o(a-) case because the conditifm|— + and the validity of the WBK
approximation(3.12 coincide near all the turning points_, a, ,
(4.6 and a,, in particular for the quantities of radiation that we are
' ' considering.

1 2
Xexp — ESn(a)fn

><(a— a_)3/2

1
exp( —ERL'(a)fﬁ
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B(1—k_)'/(2211 1K' " Y) my=21,, 1,eN,
Ym, =
0, m1:2|1+1, |1EN,

O, =

1

[A(l—"k)'1/(22'1|1!”|2'1+1’2), m=2l;, l,eN,

0, m1:2|1+1, |1EN,

= ya
where > [5m1/2+7m1/(2i)]exp(i%)exp(—f)Hml(Ynl)
m;=0
_ Ria) ~ Sya) 1
Zk__mﬂ' Zk—_mﬂ. (4.10 =D ex;{—ERL(a)fﬁ}, (4.1

where we have used the continuity of the wave function of
The last expressions determine the linear behavior of théhe FRW universe. Finally using expressi¢dsd), (4.11), we
wave function near the poirt_ in terms of the WBK wave deduce
function under the barriev(a) [see Eq(2.3)] which can be ) o
explicitly seen through the dependence of the coefficients C=[A2— B/(2|)]ex;{ —lz),
5m1 and Ym, ONA andB, respectively.

Now, using on the one hand the explicit expression for , o
W, (a,f,) arounda_ for values of the variablg, such that D=[A/2+ B/(2|)]ex;{ ! Z)'
z,— — and, on the other hand, the behavior of the wave
function ¥, of the FRW universe outside the potentig(a) S(a_)=S(a_)=R\(a_)=R!(a_),
[see Eg.(2.3], ¥((a,f,) near the turning pointa_, (4.12
we can obtain similar relations to the ones expressed in
Eq. (4.8) for the coefficientsyy, , o , C, andD: which determine the wave function of a FRW universe filled

with radiation outside the potential barrié(a), in terms of
the wave function of a FRW universe inside the potential
yﬁ barrierV(a), and vice versa.
)ex — 71) Hn, (Yn,) Once we have obtained the matching conditions for the
wave function in the case of a positive cosmological constant
for the turning pointa_, let us deal with the matching con-
ditions for the turning pointa, . For this purpose, we ap-
=Cex;{—18'(a )fz} proximate the wave function, under the potential barrier
2 Mmooy V(a), ¥,(a,f,) defined in Eq.(4.2) near the poina. , by

+ oo
A LT
méo [ Ym, /(21)— 5m1/2]exp< -ig

3 at
‘I'u(a,fn)=Aexr{£J VWo(a)da— g\/_<9avo(a+) (a, —a)¥?

ex —%Sﬂ(amﬁ)

3 ag
B exp[ - %f Wo(a)dat g\/— TNo(a,) (a, —a)?
a_

exp(—%Rg(amﬁ).

(4.13
|
In the next step, we will match the wave functigh,(a,f,), in a_, we use the asymptotic behavior of the Airy functions
using the last equation, with the wave function in the linearin the expression o¥,(a,f,) for values of the scale factor
regime arounda, , ¥,(a,f,) expressed in Eq4.4) for i a, such that the conditioz,— +, the WBK approxima-

=2. Similarly to our procedure for the matching conditionstion, and the linear one hold, and we obtain the following
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relations between the coefficien;‘@z, Om, and the constants +oo yﬁ
2
A andB: 2 Om,€X 2

my=0

Hun, (Vi,)

2

= Yn
mZO ymzeX;{ - 72) Hmz(ynz)

3 ay
=B ex ——Wf VVpo(a)da
2GJa_

et~ 3R
(4.149

Using as before the orthogonality relations of the Hermite
polynomials, we have

1 Il 2
e~ 5Sh(anf7 ),

3 at
=Aex —Trf VVo(a)da
ZG a_

AA(1—k,) 2/ (2721 1k, 1222 m,=2I,,
Ym, = 0, my=2l,+1,

_ BA~Y(1-k,)'2/(2%20 1k, 272 my=2l,,
M|, m,=2l,+1,

A 3 ag
where E=[— —.exp(% m)
a_

2k, = Sh(@.) +1, Xk, = Ro(a.) 41 B a, o
. 2Vn(ay) ’ o V2Vy(ay) , +§€Xp<_26fa \/Vo(a)) eX[{—IZ),
3 . A 3 a,
AIGX[{%L\ VVo(a)da|, l,elN. F= Eexr{éja m)
4.15

B 37 (a+ T
+§ex;< _%j VVo(a) eXF{iz),
These expressions define the behavior of the wave function -

V,(a,f,) in the linear regime around the turning poat in I _ _pll _pll
terms of the WBK wave functio®(a, f,,) under the poten- Si(@) =S (@) =Ra(a)=Ra(a,). (417
tial barrierV(a).

Using the asymptotic behavior of the wave function These equalities, together with E@.12, are the matching
W¥,(a,f,), this time forz,— +, we can match the wave conditions for the wave function of a FRW universe filled

function of the linear regime aroural, with the wave func- ~ With radiation, a positive cosmological constant, and the
tion ¥,,(a,f,) outside the barrier of potentiaf(a). The Vvacuum fluctuations of a massive conformally coupled scalar

continuity of the wave function implies field. Apart from these matching conditions, there are other
conditions which ensure the good behavior of the wave func-
+oo y2 tion. These are the regularity conditiof&
. LT N2
= Ym, [(21)+ 6 [2]expg —i—|exp — —-
m;) 7y (207 Oomf2] F< 4 p( 2 ) RgS.(a)], RgR(a)]>0 for a<a_,
1
_ Tl 2
XH”’Z(ynz)_Eexﬁ{ 2% @) RgS'(a)], RgR"(a)]>0 for a_<a<a
n ' n - +0
© 2
S [onj2+ 7 /(zi)]exp(if) exp( - y_) RES!'(@)], RER!(2)]>0  for a,<a
mg=0 ~ 2 M2 4 2 (4.18
XHm,(Yn,) =F exp[— 3R2'<a+>f§ . (416
2 B. Tunneling boundary conditions of the universe
As an example that illustrates the applications of these
and therefore boundary conditions, let us discuss the tunneling boundary
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conditions of the univers¢s]. For these boundary condi- where we have considered only the decreasing wave function
tions, outside and far from the potential bariiga), i.e., in  for the asymptotic regioa,<a under the barrier.

the classically allowed region and for values of the scale In the linear regime, around the scale factora,, the
factor much larger than the turning point , the wave func-  wave function satisfies E¢3.13 and can be expressed’as
tion of the universe should contain only outgoing modes.
That is, the coefficienE [see Eq.(4.3)] must be equal to

zero, so that no ingoing modes appear in the asymptotically - , )

de Sitter region. Once the tunneling boundary conditions ‘I’p(a,fn)=m220 [Ym Al (Zp) + 6m Bi(Zp)]

have been applied, we can deduce the linear combination of .

the growing and decaying terms that define the FRW wave xexp(—yﬁp/Z)Hmp(ynp), (4.22

function under the barrier, i.e., the relationship between the
constantsA and B [see Eq.(4.17)]
where

3 (a+
|A/B|=ex;{ —EJ \/Vo(a)), (4.19 -\ 23
a_

Zp:(%> [aavo(ap)]lls(a_ap)
in agreement with the results obtained in R[gf6] for an s
analogous system. <L —213

So both growing and decaying background terms are +2(377) [9aV(2p)] Mp’
present in the expression fob(a,f,,) under the barrier
V(a). Nevertheless, we see that the growing term associated
with Sp(@) is multiplied by the constard, which is expo- Bn, = —(2my+1) /Vn(ap)/2, mee N,
nentially smaller than the constaBtthat multiplies the de-
creasing term in?(a,f,). We see that, even if it allows the
appearance of a growing term in the classically forbidden _ 14
region, under the barrier, it is exponentially reduced. On the Yn,=[2Vn(@p) 1"y - (4.23
other hand the wave functio#i|(a,f,,) defined in the classi-
cally allowed collapsing regioa<<a_ will be a combination

of ingoing and outgoing modes. We match the wave function in the linear regifsee Eq.

(4.22)] with the wave function under the barridrg(a,f,)
[see Eq(4.21)], taking into account that the background part
of ¥(a,f,) is a decreasing function of the scale factor

In the case of a negative cosmological constant,0, whose exponent can be approximated raaby
there is a unique turning poiret,. This value of the scale
factor separates a classically allowed regias,a,, from a
classically forbidden onea,<a. The matching conditions Sh(a)=m\a,Vo(ap) (a—a,) 2. (4.24
for the wave function around, can be deduced carrying out
a similar analysis to the one presented previouslyAfor0.

C. Negative cosmological constant

We summarize our results in what follows. The background part of the FRW wave function outside the
In the classically allowed regiora<a,), we will denote  parrierw , in the neighborhood o, corresponds to ingoing
the wave function by and outgoing modes. Therefo& and Ry will have the
form

Wa(a,f >=AAexp[— i56‘<a>— > E Sh@)f?
G 2i=1 Sh(a)= —RA(a) =i ma,Vo(ap)(a,—a)%2  (4.29

1 A 1 § A 2
+Baex ERo(a) 2 & Ra(@)fy Taking into account that there exist values of the scale factor
close toa, for which the linear and WBK approximation and

(420 the asymptotic conditiofe,|— + o hold simultaneously, we
conclude that
while in the forbidden regiong,<a), the wave function
will be

2We consider a unique mode for the massive scalar field as for
the case of a positive cosmological constant. For the general case
(multiple modes of the massive scalar figlde results can be easily
(4.22 generalized.

\I'F<a,fn>=exr{— és(i(a)—% > Si@fi
n=1
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Ba(1—kp)'o/(2%pl 1k, 072, my=21,, I,eN,

Ym0, mp=2l,+1, I, N,

S, =0, MyeN, (4.26)
|

where ground parts of the wave function, related3pandRy, can
be deduced straightforwardly using E8.10:
Sh(ap) 37 [a
ok =P 41 (4.27) oy — _ B! :-_’Tf N
P m So(a) Rp(a) =i 2 . V=V da

Matching now the wave functioW (a,f,) defined in the
linear regime withW¥ ,(a,f,) corresponding to the wave =5 \/— a[E(§,a)—mF(§,a)]
function outside the potential barrier we have
3m+1 a’(a’-a’
- —)\az} 2—} (5.9
a%—a’

\pA(a,fn)mex;{—ésg(a)—% > Sh(a)f? 2
n=1

1 13
i T RAAy A 2 where
i exp{ SRo@ 3 ngl RA(a)f2 N
2 _ .2
(4.28 &= arcsw{—( a-a ) ]
I L
Vaylal-a

where the proportionality symbol is related to a normaliza-
tion constant that we will disregard, and the perturbative 1-m 5.2
parts of the WBK wave function must satisfy 1 m '

F A A
Snl@p) = Sn(@p)=Rn(ap). 429 ng F(&,a,) andE(&,qa,) are the elliptic integrals of the
first and second kind, respectively7,18.
On the other hand, similar to the case of positive cosmologi- In order to study the perturbations, we will now introduce
cal constant, the functior(a), R7(a), andR}(a) have to  the Lorentzian conformal time through
satisfy regularity conditions which ensure the good behavior

of the wave function in the WBK regime: ds, dR, 3w da
_ === —. (5.3
R{S\(a)], RERA(@)]>0  for a<ay, da da 2 dy
Re[S,f(a)]>O for ap<a. The differential equation satisfied by the perturbative part of

(430  the wave function related t8}, andR}, [see Eq(3.11] can
be linearized introducing the functions, defined as

V. BACKGROUND WAVE FUNCTION

| N 1N 1/
AND MATTER FLUCTUATIONS Sa(m)=—=i(vp)" (m/vy(m),
As we saw in Sec. Il B, the behavior of the wave func- RL(;): —i(VL)’(_;)/VL(_;%
tion in the WBK regime is determined by background and (5.4)

perturbative contributiongthe matter associated with the

vacuum fluctuations of a massive scalar field conformally
coupled to gravity, which satisfy Eqs(3.10), (3.1D). where the prime denotes the derivative with respect to the
Lorentzian conformal time. In terms of the functiors, the

A. Positive cosmological constant differential equation that satisfied}, andR}, reduces to

In this case, there are two classically allowed regions and (v +[(n+1)2+ u2a?() vl =0, (5.5
a forbidden one, when the amount of radiation present in the " "
universe does not exceed the maximum of the potential .
V(a). In the regiona<a_, the ingoing and outgoing back- whereu is the mass of the scalar fieftl, anda(7) is
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[1+m—1-m
2 T"1+m|

nel—2[(1+m)K(m),0] and cdx,(1—m)/(1+m)] is a
Jacobian elliptic functio17,1g. Equation(5.5) is a gener-
alized Lamedifferential equatior{19]. This can be seen by

a(7n)2=a%cd (5.6)

PHYSICAL REVIEW D 66, 083504 (2002

a(n) is the Euclidean scale factor given in E@.5), the
fUﬂCtIOﬂSV are defined as

Sl == (—plvi(— 7)),

Ra(m)=— () (m)Ivh(m), (5.13

taking into account the explicit expression for the scale fac-

tor a(#) given in Eq.(5.6), the relation cfix+K(m),m]=
—srx,m] [17], and introducing a new variableu

_\/(1+ m)/27n, so that Eq.(5.5 becomes the generalized
Lame equation

dzvI
] —{N(N+1)ksr12[u K(k),k]—h}vl, (5.7
u
with
owr . 1-m (n+1)?
N(N+1)=—=-, k=7, h=2——". (59

In the classically forbidden regiona( <a<a,), the
functionsRy and S are

Sh@)=-Rb@=-5 | WV, da

__ T e
-7 3 \/X a[E(&,ay)

2
—(L=m)F(&, )]+ 5[)\32

(a2 —a%(a’—a?)
_1]\/ 2 J
a

(5.9
where
1 [a?—a2\*?
et 152
2m
=1 (5.10

and the prime denotes the derivative with respect to the Eu-

clidean conformal timey. Like the functionSV their ana-
logues v}, defined under the potential barnM(a) also
satisfy a generahzed Lameguation.

Finally, for the asymptotically de Sitter regima¥a,),
the background parts of the wave functidn, (a,f,) are

SY(@=-Ri(@=iy | V=V, da

T 2 alE ~mF
—l2 \/X a [ECy ay)—mF(&y,ay)]

3-m] [(a®-a?)a?
+|\a?— } , (5.14
2 a’—-a?
where
a2—a2 |"? 1-m
&y =arcsi | n=Trm: (5.19

The perturbative parts oF,(a,f,) can be obtained follow-
ing the same procedure as fit(a,f,) and¥(a,f,). We

first introduce the Lorentzian time by

On the other hand, the differential equation satisfied by

the perturbations)! andR!! can be simplified as before:

(vp)"—=[(n+1)%+ u?a?(n)]vp=0, (5.11

where, now,7 is the Euclidean conformal time related to the

! i
and define the functions!' by
S (m)=—i(v)) (mIvy (),
Ry ()= —i(vp) (= n)lvy' (=),
(5.17
which satisfy
(vp)"+[(n+1)2+ u2a(n)lvy'=0,  (5.18

growing and decreasing background terms of the wave fungahere the explicit expression for the scale factor) in the

tion ¥''(a,f,) by

9%

da

37 da

R

da 2 dy’

(5.12

asymptotically de Sitter regime [4.8]

_ 1+m—1-m
a(n)?=atde| |~ 7. (5.19
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with 7e[0(T+m)2K((L—m)/(1+m))] and dfx,(1  Whereai=(1+m)/(2)\) and
—m)/(1+m)] a Jacobian elliptic functiof17,1§. As be-

fore, v!' also satisfies a generalized Lamiiéferential equa- _ [aj—a? a’
tion. ra=arcsin 32 , SaA= aZ_ a2 ,
To obtain the explicit expression for the perturbative parts pn
of the FRW universe in the case of a positive cosmological
constant, it is necessary to solve the differential equations _ az—afJ aﬁ
(5.5, (5.12), (5.18 that satisfy the functions’,, v!', and re=arcsin 2 SF= a2 (522
n~ %

vI' Nevertheless, it is enough to solve only one of them
since the dependence of the scale faetan the Lorentzian The vacuum fluctuations of the massive scalar fiéld

time;for both classically allowed regions can be deducedje|d to the perturbative partSﬁ, Rﬁ, and 55 in the wave
by performing an analytical continuation af under the bar-  fynction as described before. The analogy between the dif-
rier V(a), from the conformal Euclidean to the Lorentzian  ferential equations that govern the perturbative parts when

7. The differential equation&.5), (5.11), (5.18 are related containing a positive or a negative cosmological constant

by these analytical continuations and so their solutions cagyggests the introduction of the Lorentzian conformal time
also be related in the same way. Finally, it must be pointegnd the Euclidean ong to linearize Eq(3.11) for the func-
out that the boundary conditions thel, v, and,' satisfy  tions S*, R, andS’. So, for values of the scale factar
are given by the regularity conditior(@.18 which ensure  smajler than the maximum radius of the collapsing FRW
good behavior of the wave function of the universe. universea,, we definey as

B. Negative cosmological constant dﬁ ng 37 da

While for positive cosmological constant a FRW uni- da_ da "2 d__ (5.23
verse filled with radiation can present two classically discon- K
nected regions, for negativie there is just one classically
allowed region. This section is devote to the latter case, prewhile for a>a,, 7 is given by
senting at the end of our calculations an explicit example in
which the description of the perturbative parts of the wave d$ 37 da
function can be carried out analytically. Similarly to the pre- da_ 2 ﬁ (5.29
ceding casehr>0, the nonperturbative parts of the wave
function can be obtained from expressi@®10. For the
classically allowed regiona<a,), the functionsS; andRy  As in the positivex case, we introduce the functiong,

related to the background action are related toS, andR5, in the classically allowed region:
sgz_Rg:%”rpm da Sh(m) = —i(v) (I va(n),
a
- 1+3m Ra(m)==i(vp)' (= I vp(= ),
=i E{ \/E[_TE(rAasA) (5.2

where the prime denotes the derivative with respeo_t.tdnn
terms of the new functionsﬁ, Eqg. (3.1)) reads

1+m
+——F(ra.sn) | —V-raX(a—a’)(@’—ap),

5.2 —
529 (A +[(n+ 1%+ u?a()]h=0, (5.2
while for the classically forbidden regiorag<a) the action .
can be expressed as and the explicit expression for the scale factdry) was
given in Eq.(2.4). For convenience, we rewrite the last equa-
F_ 3_77 a A tion in terms of the Weierstrass functid?®(x|w,»") [17,20
Sy 5 Vy da . v !
ap as a generalized Lanmeguation[19]
a 1+3m 1_m A 5 ,LLZ /_LZ _ , A
=5~ ox E(FSe) = 5 —F(re.sp) (vy)"+](n+1) +§+TP(77|‘UA:“’A) vn=0,
(5.27
m 1 \/(az—az)(az—az)
[Ty |22 P n
NTA e x) o2 ’

where the so called half periods, and w, of the Weier-
(5.21)  strass functionP(n|wa,w)) are
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m—1 (VD))" =[h+N(N+1)P( 7+ wd wg, 0f) 1vF=0,
wA—K(—m)/Jﬁ, (5.31)
. m+1 . ™ 2 2 . \ P -
wp=iK| —5— /\/_ with N=1 andhz(nfl) — 5. SinceN e N this is a Lame
equation whose solutions can be expressed as linear combi-

Under the potentiaV/(a), Eq. (2.3, ie., fora,<a, the nations of the linearly independent solutiomgn(n) and

wave function must decrease and the unperturbed Euclldeaﬁin(n) given by[19]
spacetime corresponds to an asymptotically AdS wormhole

[10]. The linearization of Eq(3.11) for the functionsS], can F,o_ o(ntopt Zeop,0p) )
be made as in the preceding cases, that is, by introducing Y1n(7) a( 7+ wd o, of) exil — 7¢(zf g, 0p)]
new function5vﬁ given by
, -+ wptz , 0f
o(— 7+ o wp, 0p)
where the prime denotes the derivative with respect to the (5.32

conformal Euclidean time and the function§ satisfy
where o(X| g, wf) and {(x|wg,0f) are Weierstrass func-

(vp)"—[(n+1)+ u?a?(5)]v,=0. (529 tions[17,20 and the parametez: is implicitly defined by
The explicit expression for the wormhole scale factor was "N 2_ E
given in Eq.(2.6). In terms of the Weierstrass function, this Pzl op,wp) =(n+1) 3 (533

equation has the form
The differential operator that defines E(p.31) is a

2 2 T L . .
Frn 2, MK N Schralinger operator whose potential is periodic as it can be
()" = (NF D)%+ 0= P(77+“’F|wF’wF)}Vn_O’ expressed in term of the Weierstrass functiex|wg, o).
(5.30  Therefore, the solutions will present an infinite number of
forbidden and allowed bands known as Floquet bands and
where the half periods of the Weierstrass functimare the linear independent solutions,(7) and v5,(7) will be
characterized by a Floquet indE>,E, independent ofy, such
1+m that
W= K W /\/ﬁ
Vin(n—'—sz):eXF(iFE)V]F.n( 7),
o (m—1
wF:'K<—2m )’ﬁ- VE(m+ 200) —exp(—IFF) ().

(5.39
Summarizing, we have presented a method to deal with
the behavior of the wave function of a FRW universe with ago, for the allowed bands, defined b
cosmological constant and filled with radiation under the
presence of vacuum fluctuations of a massive scalar fiel
conformally coupled to gravity in the semiclassical approxi-
mation.

y real value§df the
mplitudes ofvn(n), will be in principle bounded from
bove, while for the forbidden bands, i.e., for complex val-

ues ofFE, the solutions will be exponentially increasing or

decreasing. In the case under consideration, the explicit ex-

. pression of the Floquet index can be deduced using the fol-

C. An explicit example lowing property[20]:

We will illustrate the analysis above by studying the sta-
bility of a radiation-filled FRW universe with negative in o(X+ 2w wp,0f) = — o(X| g, wF) exd 2(X+ wg) &
the case in which the mass of the scalar fielgifs= — 2\,
with 7\<I;2. This simple choice for the value of the scalar
field mass allows us to solve analytically the differential
equations(5.27), (5.30 for the perturbations since, in this F_ o "
cgse the generalized Lérequat?ons reduce to Lanexua- Fo=2i[wel (zd op 0p) = 2eér] (-39
tions, whose solutions are known.

Under the potentiaVy(a), the perturbative parts of the As can be seen from this expressidff, depends on the
wave function,S;, were expressed in term of the functions parameteee: defined in Eq(5.33. So we have to obtain the
vi () in Eqg.(5.28 where the functions’( ») satisfy a gen- possible values okg in order to characteriz&", and the
eralized Lamedifferential equatior{see Eq.(5.30]. In the  behavior of the linear independent SO|UtIOD§n(77) and
case under consideration?= —2\, this equation becomes vgn(n).

where ér={(wg wg,wf), which implies
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Since the parameter: is defined implicitly through the . O_(;+ wh+2Zalwa, 0h)

Weierstrass functiorP(x| wg,wf), we restrict its values to y’fn( n)= exp:—;g(zAmA,w’A)],

the fundamental rectang]é7] whose vertices coincide with o(n+oploa,0p)
the values Owg, wr, andwe+ of. That is,ze can belong to _ |
the following ranges: —  o(=ntoptzaon,wp) — ,
Von(m) = — ——exf ni(zalwa,0p)],
o(—ntoploa,0p)
range A:zr=Bg, 0<Br<wg, (5.37
range B:zg= we+idg, 0<6p<|wf], where the parametear, now satisfies the following relation:
’ 2 2
range C:zg=wi+ Be,  0<pPBr<wg, P(zalwp,0p)=—(n+1) +t3 (5.39
range D:zg=i8r, 0<8p<|wi]. These new functions;. () andv,(#) are quasiperiodic

like their conterparts/t () andv5,(7), i.e., they satisfy a
relation analogous to E¢5.34) where the new Floquet index

When z: takes values in each of the four preceding ranges
’ P g rang FA reads

its definition given by Eq(5.33 implies[17]

s Fr=2i[wal(Zalon,0p) —Zaéal- (539
Zperange A=——=<(n+ 1)?,
The values of the parametex can be reduced to the funda-
mental rectangle oP(x|wa,w,), but, as before, owing to
m+1 the presence of radiation in the FRW universe>{1) and
zrerange B=1<(n+1)%< — the vacuum fluctuations of the massive scalar fiele:(),
they can only belong to the following ranges:

1-m range&:za=wp+ Ba, 0<Br<wa,
zFerangeC:Ts(n+1)2s1, geliza=wpt Ba, 0<paswa

range F:za=i68p, 0<dp<|wy/,

, 1-m
Zcerange D=(n+1)°< — for which

, m+1

Now, remembering tham>1 andn=1, we conclude that zperangg=1<(n+1)°<——,

the parametez;: cannot take values in the rangéandD. In

the two remaining ranged and B, the Floquet index can be m+1

expressed in term of Theta functioh0], allowing us to Zp € range ]—':Ts(nJr 1)2.

conclude that the rangdl is a forbidden band, i.eEF is

complex, while the rangs is an allowed one, i.eF is real. Note that there is a correspondence between these in-

Finally, the ganeraI sglutions to E.3) will be alinear  gqualities satisfied in the rangésand F and those satisfied
combination ofvy, and v, . Using Eq.(5.28, we can write  jn the ranges3 and A, respectively, under the barrier. This
the functionsS}, in terms of v, and v§, with just one free  correspondence is due to the fact that, since the analytic pro-
integration constantthis was expected sincg, satisfies a longation ofz, in Eq. (5.33 is zy=izg [17], for each value
first order differential equationTherefore, for our purposes of zg belonging to the rangel or B, there is a unique value

and without loss of generality we can write of z, belonging to the rangé or £ respectively.
The expression dFﬁ in terms of the Theta functiori20]
vh(7) = via(7) +Agvha (7). (5.3  allow us to conclude that the rangecorresponds to a for-

bidden band while the rang& corresponds to an allowed

F ._one.
The ppnstants&lg have to be chosen soFtha_t the regularity Finally, the perturbed part of the wave functid,, can
conditions forS; hold and the functions;, coincide at the

X ) X ! ) ) be obtained using Ed5.25 and the solution
turning pointa, with their counterparts in the classically
allowed regionS, andR, . . » vR(m) = V() + ALv5,(7). (5.40
The functionsy, (), related toS; andR;;, can be simi-
larly deduced, since the differential equatidb27) also re- A o . ) —
duce to Lamesquations with the following linearly indepen- The functionRy can be similarly obtained provided that
dent solutions: and A/:S are substituted by » andA/:r , respectively.
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(c)

=1 0 1 2

(a)

-1 0 1 2

(b)

=1, 0 1 2

-2 =2 -2

-2 =2 -2

FIG. 2. This figure shows the contour plots corresponding to constant vald&gAJf] in the complexA’ plane whereM[AT] is defined
as the minimum of I{ésﬁ], Re{Sﬁ], and R@Rﬁ] for all times. In these contour plots, the scale of gray represents the magnitivtiettod
darkest(black) one corresponds to negative infinite valued/ofvhile the lightest ones correspond to positive values and therefore determine
the aIIowedArf's. The parametem related to the amount of radiation and the cosmological constant has been set equaP4d. As
discussed in the main text, by the regularity conditions @0, the allowed values oA, are those for whictM is positive. The contour
plot in (&) corresponds to the mode=15. This mode for the chosen value wfis such thatzg belongs to the rangel. The set{Af5
e (1< |A55|} corresponds to the allowed values/luf5 by the regularity conditiongb) represents the contour plot for the maule 5 for
which z¢ belongs to the rang8. The values ofAf for which the regularity conditions hold afé\f e C,1<|Af|}. Finally, (c) shows the
contour plot ofM for n=10. In this case lies in the boundary of the rangé andB. The allowed values oA%, are{Af e C,1<|A% |} and
M reaches infinite negative values for any other valué\FR,f.

The matching conditions at the turning pomy require  M[AF] of R4 S7], R4 S,] and R¢RA] for all times (y and
thatS};, Sy, andR}, be equal at thlS point, so that the inde- ;) js strictly positive. Naturally, this minimum will depend
pendent constar’, AA andA satisfy the relation on both the amount of radiation present in the universe and
the cosmological constant, which are jointly represented by
m, and on the mode itself. This dependence is encoded in
the parameterr (and its analytical continuatiom,) which
may belong to either the rangé or B.

We have plotted the contours corresponding to constant
values of the minimunM[AF] in the complexA?, plane for
the two possible rangegl and 5 as well as for the value
zr= wg that defines the border between both ranges. These
contour plots are shown in Fig. 2. It can be seen thatzfor

1-C,+Al(1+C,)

APs— pA '
1+C,+Al(1-C,)

n n

(5.4

where

o [In 62(%,Ge) —IN 01X, )] |x= 7720,

FOF [In 04(%,04) = IN 01(%,0a)] |x= 7,720,

(5.42

gr=exfdimor we], andga=exgdimwp/ wa].

e rangeA, the minimumM is positive outside the circle of
unity radius and centered at the origin, i.e., fé¢|>1.

In general, the wave function of the universe, defined inTherefore, for fixed amount of radiatiomE& 241 in Fig. 2,

the whole range of the scale factor, i.@s[0,+), will be
a linear combination of all the wave functior\EAiA;”

defined in Eqs(4.20, (4.2]) for the allowed and forbidden

regimes, of the form

Il [ aa;
Zn

n=1

\Ifz[ (a,f,), (5.43

FaF. . W AF AF
§A1A2~-- ALAS--

where {afaf ..

tions and>,, denotes the set of allowed valuesAff for each

mode, to be determined.

are the coefficients of the linear combina-

the allowed values oA,f with n such thatzce rangeA are
={Ale C,|A"|>1}. Figure Za) shows the contour plot of
M for a zg in the rangeA corresponding ton=15 andm
=241. The mode® such thatzre rangel5 exhibit a more
complicated behavior. Depending on the specific mode under
study the allowed values,f are either the upper or the lower
complex planes, i.e3,={A"e C,Im[AF]>0} for somen
and 3,={AFeC,Im[A’]<0} for the others. Figure (B)
shows the contour plot d1 for a z¢ in the rangel5 corre-
sponding ton=5 and m=241. Other modes will present
either a similar plot or the mirror image with respect to the

The wave functiot?’” must satisfy a regularity condition real axis, as already discussed. Finally, we see that for those
that in terms of the functionS};, S5, andR, becomes a set amounts of radiation for whicm=2(ng+1)?—1 for some
of inequalities requiring that the real part of these functionsng e IN, the modeng such thatzg belongs to both ranged
be positive as stated in E¢4.30. These inequalities select andB, the allowed values oA are3 ,={Al e C,|AT|>1} as
the allowed values 04\': for each mode. In others words, the in Fig. 2(c). Note, however, that unlike Fig (Q) the values
allowed values o‘AE will be those for which the minimum |AE|<1 correspond to negative infinite mmmM(An). In
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general, for a given amount of radiation, there will not existtinuous index for each mode, which are regular and therefore
any such boundary mode and only for very specific finefeasible candidates for quantum states. In this sense, it is
tuned amounts of radiation will this happen. worth noting that this is true not only in general but also for
The existence of a s&t, for fixed values of the parameter each mode separately, i.e., the regularity conditions allow
mis similar to the case studied [i@]. There the author con- contributions to the wave function from every single mode
structed the wave function of the gravitons in a de Sitterwithout exception.
background for different boundary conditions. When the de- With these ingredients, we have obtained explicit solu-
creasing wave function for the gravitons under the potentiations for the background wave function and nonlinear differ-
barrier V(a) for K=0 was picked ugboundary conditions €ntial equations that govern the behavior of the vacuum fluc-
similar to the one considered [8]), the wave function was tuations. Appropriate linearization of these equations gives
not uniquely defined, or, equivalently, it can be constructedise to generalized Lamdifferential equations. As an appli-
as a superposition analogue to E§.43. The situation is cation of the general procedures de_sc_ribed in this work,_ we
rather different when the increasing wave function of thehave fully solved the problem of obtaining the wave function
gravitons under the potential barrigia) is chosen: in this ~©Of an asymtotically anti—de Sitter wormhole and its quantum

case there is a unique wave function. stability against vacuum fluctuations represented by a con-
formally coupled scalar field whose mass is given by
VI. SUMMARY AND CONCLUSIONS —2\. This specific choice has allowed us to solve the gen-

eralized Lameequations and thus fully study the quantum

In this paper, we have studied the quantum behavior of @ehavior of the vacuum fluctuations. As we have already
radiation-filled FRW universe with a cosmological constantdiscussed, the wormhole boundary conditions and the regu-
in the presence of vacuum fluctuations represented by a makrity condition that the wave function be finite for all pos-
sive scalar field conformally coupled to gravity. sible values of the scale factor and field configurations pro-

In the semiclassical approximation, the wave function ofvide the set of allowed quantum wormhole states, which are
the universe can be expressed as linear combinations of outierefore stable under vacuum fluctuations. It is worth noting
going and ingoing modes in the classically allowed regionghat the boundary and regularity conditions do not select a
and as increasing and decreasing modes in the classicaliyngle quantum state as happened in R&f, but a set of
forbidden ones. For negative cosmological constant, thellowed quantum states labeled by a continuous parameter
matching conditions have been deduced for natural boundarfpr each mode. This situation is analogous to one of the cases
conditions which pick up the decreasing wave function in thestudied in Ref[7], where the author obtained the wave func-
forbidden region(i.e., in the asymptotically anti—de Sitter tion of the gravitons in de Sitter space. If this wave function
Euclidean wormhole For positive cosmological constant, contains only decreasing modes, the regularity conditions do
the matching conditions have been worked out for arbitrarynot select a uniqgue quantum state for each mode, in opposi-
boundary conditions and have been applied to the specifition to the case where the boundary condition picked up the
case of the tunneling boundary conditions of the universéncreasing wave function.
[5]. In this case, the wave function describes a de Sitter—like In the models considered in Refd,8], as well as the one
universe that contains only outgoing modes in the asymptotistudied in this paper, the wave functions are well behaved in
cally de Sitter region. These boundary conditions allow thethe classically forbidden region, when the quantum gravity
presence of decreasing and increasing modes under the peffects are included; indeed, they are not divergent. All these
tential barrier. However, the ratio between the coefficients obxamples show that in the classically forbidden regions,
the increasing and decreasing modes is exponentially sugruantum gravity effects do not lead in principle to infinite-
pressed. ness of the wave function of the universe and that it is well

Especially important are the regularity conditions that webehaved, in opposition to the case studied in R&f. where
have imposed on the wave functions, namely, that they mustatastrophic particle creation led to divergence of the wave
be finite and well behaved everywhere and for every fieldfunction. The difference between these approaches lies, as
configurations. These conditions impose important restricwe have thoroughly discussed, in the regularity conditions
tions on the allowed wave functions, as we have shown. Inhat we have imposed on the wave function as a natural
particular, they guarantee that there are no divergences thgtiantum requirement.
could be interpreted as leading to instabilities of the back-
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